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We give a modiﬁed derivation of the Einstein equation of state by considering the Clausius relation
T δS − δN = δQ on a null hypersurface with a non-vanishing expansion (θ = 0), i.e. not in the equilibrium.
The derivation corresponds to choosing a speciﬁc observer to the hypersurface, and such a generalization
gives a hint how we can improve the original derivation by Jacobson. We also give an interpretation of
the thermodynamic relation based on the Noether charge method.
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Black hole thermodynamics has been extensively investigated
as a hint towards understanding the microscopic structure of
space–time. The ﬁrst law of black hole thermodynamics is usually
given as a relation of thermodynamic quantities between two equi-
librium black holes in the Einstein–Hilbert theory of gravity [1].
It is generalized by Wald to any diffeomorphism invariant gravity
theories with higher derivative terms [2–4], and the derivation of
the ﬁrst law essentially uses the fact that the black hole horizon
is a Killing horizon. The ﬁrst law is also investigated in a physical
process of throwing matter into a black hole [5,6] in which process
there is no Killing vector. The physical process version was proved
only in a subclass of theories including F (R) and Lanczos–Lovelock
gravities [7–9].
The notion of entropy associated with the area of the hori-
zon and the thermodynamics is also generalized to the Rindler
horizon [10], which strongly suggests a deep connection with the
emergence of space–time and its thermodynamic origin. In [11],
Jacobson proposed to derive the Einstein equation of motion start-
ing from the thermodynamic relation, i.e. the Clausius relation be-
tween a change of entropy and an energy ﬂux
T δS = δQ (1)
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Open access under CC BY license.across the local causal horizon (LCH). As depicted in Fig. 1, he
ﬁrst considered a point p in an n-dimensional space–time on an
(n− 2)-dimensional space-like hypersurface P and future-directed
null vectors Kμ on P perpendicular to the surface. The local
causal horizon is constructed as the past of these null vectors.
Hence if we write the aﬃne parameter of each null vector as λK
and the coordinates of P as yA (A = 1, . . . ,n − 2), LCH H− is a
null hypersurface parametrized by (yA, λK ). Here we set λK = 0
on P . The region L in space–time behind the LCH is considered
as a system whose temperature is identiﬁed with the Unruh tem-
perature perceived by the uniformly accelerated observer χ− . Ja-
cobson derived the Einstein equation as the Clausius relation (1)
where the entropy S is proportional to the cross-sectional area
of the null hypersurface A = ∫ √γ dn−2 y while the heat is given
by the ﬂow of energy into the region L across the LCH δQ /T =
−2π ∫H− λK Tμν KμK ν√γ dn−2 y dλK . γ = det(γμν) is the determi-
nant of the induced metric on the cross-section. The normalization
of the acceleration of an observer cannot be globally ﬁxed, but
such an ambiguity is canceled with an ambiguity of measuring
the heat δQ . An important assumption in the derivation is the in-
stantaneous equilibrium condition, namely the condition that the
expansion θ and the shear σμν should vanish on P . This condi-
tion is necessary for the Clausius relation to be compatible with
the Einstein equation at the lowest order of λK . Such an equilib-
rium condition is reasonable for a construction of the space–time
thermodynamics.
The derivation was generalized to F (R) gravity and Brans–Dicke
theory by including additional propagating degrees of freedom
in δQ distinguished from dissipative non-zero shear effect δN
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was considered as the LCH in [11]. The region L in space–time behind the LCH is
considered as a system with the Unruh temperature for an observer χ− approaching
asymptotically to H− .
[12–14]. The method [12] was also applied to a scalar–tensor grav-
ity in [15]. But further generalizations to higher derivative theories
are not yet successful, suggesting that some reﬁnement of the for-
mulation will be necessary.1
Furthermore, there is a fundamental issue in the original
derivation. Jacobson considered an observer χ− approaching H−
(the past half of the horizon) asymptotically from the region L.
It is, however, more natural to consider an observer χ approach-
ing H (the future half of the horizon) asymptotically from the
other region R because the LCH is the boundary of causal re-
gions for such an observer. Under the null energy condition, an
observer χ perceives positive energy ﬂow across H it out of the
region R while an observer χ− perceives positive energy ﬂow
across H− into the region L. Namely the sign of the heat ﬂow
δQ discussed in the previous paragraph is opposite to each other
because of an opposite sign of λK . On the other hand, in ei-
ther case, the area change is given by δ(A/4) = 14
∫
θ dn−2 y dλK =
1
4
∫ {−Rμν KμK ν |PλK + O(λ2K )}dn−2 y dλK under the equilibrium
condition. Thus one would obtain the Einstein equation with a
wrong sign of the Newton constant if the observer χ were used in
the original derivation instead of χ− .
In order to solve the issue of the choice of an observer, Parikh
and Sarkar [23] made use of the Noether charge method and in-
troduced an entropy in an observer dependent way. It was further
reﬁned in [24]. Padmanabhan [25] also suggested a method us-
ing the Noether current and discussed how one can justify such
derivations. They succeeded to generalize the derivation to theories
whose Lagrangians are made from Riemann tensors but without
their derivatives. But the entropy used in the derivation depends
on the approximate Killing vectors they introduced, and its rela-
tion to the original derivation is not clear.
In this Letter, we consider a null hypersurface with a non-
vanishing expansion and a shear on P and give a modiﬁcation of
the original derivation of the Einstein equation. Such a generaliza-
tion turns out to be inevitable since these quantities evolve and
cannot be set zero after leaving the hypersurface P along λK if
there is a heat ﬂow across H. We show that this gives an impor-
tant hint to solve the fundamental issue in the original derivation.
In Section 2, we introduce a new deﬁnition of the entropy
change in the Clausius relation on a general null hypersurface with
a non-vanishing θ , and give an alternative derivation of the Ein-
stein equation of state. In Section 3, we interpret the derivation
based on the Noether charge method and explain why it works. It
also clariﬁes what was missing in the original formulation by Ja-
cobson. In Section 4, we consider a generalization to F (R) gravity.
Section 5 is devoted to conclusions and discussions. We comment
1 See [16–22] for other related works.on yet another derivation of the Einstein equation of state. We also
discuss a possibility to formulate the space–time thermodynamics
in an observer dependent way.
2. The Einstein equation of state
We introduce a modiﬁed version of the derivation of the Ein-
stein equation of state from a thermodynamic relation. Like the
original derivation by Jacobson, we ﬁrst introduce a space-like hy-
persurface P and future directed null vectors kμ perpendicular to
the surface P . However, instead of an observer χ− and the local
horizon H− in Fig. 1, we consider (χ,H) and compare the change
of area of P with the heat ﬂow across H. We do not either impose
the instantaneous equilibrium condition θ = σμν = 0 below.
Null vectors are parametrized by the aﬃne parameter λK , Kμ =
(∂/∂λK )
μ . The entropy change was deﬁned in [11] as a change of
area δS ∝ ∂√γ /∂λK with respect to λK . We will use a different
parameter λ related to λK by
∂λK
∂λ
= ec,
where c is some function which will be determined below. The
null vector along the direction of λ is written as kμ = (∂/∂λ)μ =
ec Kμ and satisﬁes k · ∇kμ = c′kμ . Here prime stands for a deriva-
tive with respect to λ.
Before discussing the thermodynamic relation in the presence
of an energy ﬂow, we will ﬁrst derive a kinematical2 thermo-
dynamic relation in ﬂat space without an energy ﬂow. Since the
expansion of the area is not assumed to vanish, i.e.
θ = (k · ∂) ln√γ = d ln
√
γ
dλ
= 0,
we need to compensate such a kinematical change of the area by a
local scale transformation of the parameter of the observer’s world
line. It changes the deﬁnition of the acceleration from the ordinary
one measured with respect to the aﬃne parameter λK to another
measured by λ. In the next section, we show that such a change of
acceleration, and accordingly temperature, corresponds to taking a
different observer approaching asymptotically to the null hypersur-
face H. We thus introduce the following quantity as a change of
“entropy density”3
T δS ≡ κ
2π
(k · ∂)
[
e−c
√
γ
4
]
dn−2 y dλ, (2)
where c = λθ(λ, y) +O(λ3) and κ is a constant which is related,
but not identical, to the acceleration of an observer approaching
the null hypersurface H asymptotically. The above T δS is propor-
tional to (θ − c′) and vanishes at the leading order in an expansion
of λ. Hence (2) is considered to be a natural generalization of the
2 We use the word “kinematical” when we talk about the effect caused by a non-
zero value of the expansion at the hypersurface P . On the contrary, in the presence
of an energy ﬂux, the curvature is expected to become non-zero and the evolution
of the expansion is determined by the Raychaudhuri equation with the Ricci tensor.
Hence it becomes dynamical.
3 The reader may suspect why such a rescaling of “entropy” density is necessary.
It comes from the fact that the quantity we are considering in a thermodynamic
relation is a combination of the temperature T and the entropy δS . In a diffeomor-
phism invariant theory of gravity, we can always change the local scaling of time of
an observer and accordingly we need to consider the effect on temperature. In this
expression, we absorbed the effect of such a local scaling of observer’s time into
the deﬁnition of the “entropy” density. It is ﬁnally justiﬁed in (11) where we de-
rive the thermodynamic relation in this section from the most general identity of
the Noether charge.
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below, this makes a big change at higher orders in the expansion
of λ. We will see in the next section that such a special choice of
c corresponds to considering a speciﬁc accelerating observer that
asymptotes to H. We also give an interpretation of (2) based on
the Noether charge method.
Let us evaluate higher order terms of λ when there is no energy
ﬂux in the ﬂat space–time. The Raychaudhuri equation is given
by
θ ′ = c′θ − θ
2
n − 2 − σμνσ
μν. (3)
Then (2) becomes
T δS = − 1
8π
θ ′√γ dn−2 y(κλ)dλ +O(λ2)= δN +O(λ2)
where
δN = 1
8π
(
−n − 3
n − 2θ
2 + σ 2
)√
γ dn−2 y(κλ)dλ.
It is the same as the entropy production term in the membrane
paradigm [26]. That the correct viscous coeﬃcients are reproduced
makes the deﬁnition (2) plausible.
If we imposed an instantaneous equilibrium condition with θ =
σ = 0 on P , it seems that it was suﬃcient to consider the change
of area itself as T δS . But that would lead to an opposite sign of
the curvature term as shown below.5
We then require the Clausius relation to hold in the presence
of an energy ﬂux;
T δS − δN = δQ (4)
where the energy ﬂux is given by
δQ = Tμνkμkν√γ dn−2 y(κλ)dλ.
In this case, the curvature term Rμνkμkν must be included in the
Raychaudhuri equation (3) and the Clausius relation (4) gives a re-
lation
Rμνk
μkν = 8π Tμνkμkν .
Since the direction of the null vector kμ is arbitrary at point p and
the energy momentum tensor satisﬁes ∇μTμν = 0, we can obtain
the Einstein equation
Rμν − Rgμν
2
= 8π Tμν − Λgμν,
where the value of the cosmological constant Λ can be chosen
freely.
In the above discussions, we changed the deﬁnition of T δS by
selecting a special observer. Accordingly T δS becomes proportional
to θ −c′ = −λ(∂θ/∂λ). This minus sign gives the correct sign of δN
and δQ for the observer χ that asymptotes to H from R in Fig. 1.
4 If the hypersurface has an expansion, we need to rescale the acceleration of
the corresponding observer so that the product of the area and the acceleration
becomes constant. It is why we need an extra factor e−c in T δS .
5 Speaking more rigorously, the reason why the original derivation of Jacobson
could not give the correct sign for the Einstein equation is the following. We can
always consider a hypersurface with a vanishing expansion at a point p. However,
it cannot be set zero away from the point p with λ = 0. In the original deriva-
tion, only a half of the effects of the evolution of θ(λ) was taken into account. The
other half, namely, the effect of the local rescaling of temperature associated with a
non-vanishing ∂θ(λ = 0) was not considered. Because of this, the coeﬃcient of the
curvature term became opposite. This is the reason why he needed to consider an
observer in the left wedge instead of that in the right wedge.On the contrary, as in the original derivation, if we expand the
area in λK with a condition θK = ∂ ln√γ /∂λK = 0 at P , it gives a
term λK (∂θK /∂λK ). Note that the sign in front is opposite, which
gives an opposite sign of the curvature term. This is the reason
why it was necessary to consider an observer χ− that asymptotes
to H− . The extra factor e−c played two important roles. The ﬁrst
is to compensate the expansion of the area at P . It is the leading
order effect with respect to λ. The next role is the next-to-leading
order effect. It makes the sign of the term −λθ ′ opposite. If there
is an energy ﬂow, the expansion of the area no longer vanishes
away from P (the next-to-leading order effect of λ) and we can-
not neglect the effect of the expansion. It is the reason why an
extra term e−c is inevitable to derive the Einstein equation from
the Clausius relation.
The derivation of the Einstein equation in this section looks ad
hoc, but suggests that the space–time thermodynamics inevitably
becomes observer dependent. We give an interpretation of the
above derivation and the observer dependent deﬁnition of T δS
based on the Noether charge method in the next section.
3. Interpretation based on the Noether charge method
3.1. Noether charge
The Noether charge method [2] gives a fundamental relation
between the Noether charge and thermodynamic quantities for
general diffeomorphism invariant theories of gravity. Especially it
deﬁnes the Wald entropy of a black hole and leads to the ﬁrst law
of thermodynamics. Its applications so far have been mostly lim-
ited to black holes with the Killing horizons, but the method can
play an important role in constructing the space–time thermody-
namics beyond black holes.
We ﬁrst review the construction of the Noether charge in this
subsection. Given a diffeomorphism invariant theory of gravity
with the Lagrangian n-form L, its variation under δgμν is given
by
δL=  Gμν
16π
δgμν + dΘ(g, δg),
where  is a volume n-form. Gμν is a generalization of the Ein-
stein tensor satisfying ∇μGμν = 0. Combined with the variation of
matter ﬁeld, the equation of motion becomes Gμν = 8π Tμν . For
a general coordinate transformation δgμν = Lχ gμν generated by
a vector ﬁeld χ , diffeomorphism invariance of the theory gives
δL= diχL and there exists a Noether charge (n− 2)-form Qχ such
that the Noether current (n − 1)-form Jχ can be written as
Jχ ≡ Θ(g,Lχ g) − iχL= dQχ +
1
8π
Gμνχμν, (5)
where ν is an (n − 1)-volume form. The construction of the
Noether charge is quite general but the deﬁnition of Qχ depends
explicitly on the choice of the vector χ . The choice corresponds
to a choice of an observer who observes the energy ﬂux and mea-
sures the change of area. In the case of black holes, we can take the
Killing vector as χ . This corresponds to measuring the energy ﬂux
by an observer sitting at r = ∞. In deriving the Einstein equation
of state in general space–time, we need to choose an appropriate
observer so that the thermodynamic relation becomes as simple as
possible.
3.2. The choice of observers
We then deﬁne the tangent vector χμ of an observer by gener-
alizing the uniformly accelerated observer in ﬂat space–time. First
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The null hypersurface H is deﬁned by λ˜(x) = 0, Hs is deﬁned by λλ˜ = −s2/2.
we deﬁne a function λ˜(x) such that each of λ˜(x) = const. hyper-
surface is a null hypersurface. Especially λ˜(x) = 0 is set as the
null hypersurface H containing the point p in Fig. 2. Then its
normal vector Kμ = −gμν∂ν λ˜ is shown to satisfy the equation
(K · ∇)Kμ = 0. Thus Kμ is aﬃne tangent to the null hypersurface
H and we write the null vector by an aﬃne parameter λK as
Kμ =
(
∂
∂λK
)μ
.
This deﬁnes a function λK (x) in the space–time. We can choose
the hypersurface λK (x) = 0 to be null and contain the point p. The
space-like surface with a ﬁxed λ˜ and λK is parametrized by yA ,
A = 1, . . . ,n − 2. The space-like surface λ˜ = λK = 0 is identiﬁed
as P and p is the point yA = 0 in this surface. Note that other
hypersurfaces λK (x) = const. = 0 are not always null.
In the ﬂat space–time with a metric ds2 = −2dλK dλ˜ on the
(λK , λ˜) plane, an observer whose world line is given by λK λ˜ =
−s2/2 = const. and yA = const. represents a uniformly accelerated
observer, and s → 0 limit asymptotes to the null hypersurface H.
We deﬁne another type of observers who asymptotes to the null
hypersurface H by using a new coordinate λ. The new coordinate
λ is deﬁned to be related to λK as
∂λK
∂λ
= ec
with a condition c(λ = 0) = 0. Then we deﬁne world lines of a set
of new observers by the relations yA = const. and
λλ˜ = −1
2
s2. (6)
The condition (6) deﬁnes an (n − 1)-dimensional hypersurface Hs .
The limit s → 0 of Hs asymptotes to the null hypersurface H. An
(n − 2)-dimensional space-like hypersurface S(λ,λ˜) with a ﬁxed λ
and λ˜ is parametrized by yA . We deﬁne a null vector
kμ ≡
(
∂
∂λ
)μ
(λ˜,yA)
= ec Kμ
and space-like vectors
eμA ≡
(
∂
∂ yA
)μ
(λ,λ˜)
.
We also introduce another null vector lμ which satisﬁes
l · k = −1, l · eA = 0, l · l = 0.
Note that it is generally different from ∂/∂λ˜. The induced metric
γμν on S ˜ is given by γμν = gμν + kμlν + kν lμ .(λ,λ)The normal vector β to the hypersurface Hs is given by
βμ = −κ∂μ(λλ˜)
= κl · ∂(λλ˜)kμ + κk · ∂(λλ˜)lμ
= κ(e−cλ + λ˜l · ∂λ)kμ + κλ˜lμ
λ˜→0−−−→ κe−cλkμ,
where κ is an arbitrary positive constant which has the dimension
of (length)−1. Here we have used (l · ∂)λ˜ = −l · K = e−c . The last
line gives a limiting form of βμ on H.
The tangent vector χ of Hs is determined to be orthogonal to
β and eA . If we choose its normalization so that it coincides with
β on H, we have
χμ = κ(e−cλ + λ˜l · ∂λ)kμ − κλ˜lμ
λ˜→0−−−→ κe−cλkμ. (7)
3.3. Thermodynamic relation
We now derive a thermodynamic relation for the observer χ
from the Noether charge method. In order to compare with the
result in the previous section, we consider the Einstein–Hilbert La-
grangian for simplicity. By operating iχ on the Noether current (5)
and using the formula iχ dQχ = LχQ − diχQ, we obtain the fol-
lowing relation
LχQχ − diχQ− iχΘ(g,Lχ g) = 1
8π
χμGνμχρρν. (8)
This is the most general identity that holds for any observer χ . In
the following we choose a special observer χ so that the identity
becomes simpler. Each term shall be evaluated on an (n − 2)-
dimensional space-like surface S(λ,λ˜) , and μν in the RHS of (8)
is the binormal to S(λ,λ˜) ,
μν = 2k[μlν]√γ dy1 ∧ · · · ∧ dyn−2.
For the Einstein–Hilbert Lagrangian, the Noether charge and the
surface term are given by
Qχ = −1
16π
∇[μχν]μν,
Θ(g, δg) = 1
8π
gν[ρ∇μ]δgμνρ. (9)
For the observer χ deﬁned in (7), the Noether charge (9) on S(λ,λ˜)
becomes
Qχ
λ˜→0−−−→ κe
−c
8π
√
γ dn−2 y. (10)
Then the ﬁrst term of (8) is written as
LχQχ λ˜→0−−−→ κ
2
8π
e−2cλ(θ − k · ∂c)√γ dn−2 y
= κ
2π
χ · ∂
(
e−c
√
γ
4
)
dn−2 y (11)
where θ is the expansion of the null vector kμ on H. Hence,
by multiplying dt , (11) becomes T δS deﬁned in (2). Here t is
the time variable generating the tangent vector χ = ∂/∂t , and
dt = (κλe−c)−1 dλ. The second term diχQχ in (8) vanishes in the
limit of λ˜ → 0. The third term is more complicated. In the deriva-
tion of the Wald formula of black hole entropy, this term vanishes
on the bifurcation surface since the Killing vector vanishes there.
In our setting, however, the space–time does not generally have
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sidering a null hypersurface with a non-vanishing expansion, the
entropy production term δN is expected to appear from this term.
Indeed a straightforward calculation shows
iχΘ(g,Lχ g)
λ˜→0−−−→ κ
2
8π
e−2cλ
[
θ − k · ∂c
+ λ
(
k · ∂θ + 1
n − 2θ
2 + σ 2 − θk · ∂c
)]√
γ dn−2 y.
If we take a special choice c λ˜→0−−−→ λθ(λ, y)+O(λ3), it is simpliﬁed
as
iχΘ(g,Lχ g)|
λ˜→0−−−→ (κλe
−c)2
8π
(
−n − 3
n − 2θ
2 + σ 2
)√
γ dn−2 y +O(λ3)
= 1
8π
(
−n − 3
n − 2 θˆ
2 + σˆ 2
)√
γ dn−2 y +O(λ3) (12)
where θˆ and σˆμν are respectively the expansion and shear of χ
on H. This is nothing but the entropy production term of (n − 2)-
dimensional ﬂuid with a bulk viscosity −(n − 3)/8π(n − 2) and
a shear viscosity η = 1/16π , and consistent with the values ob-
tained in the membrane paradigm picture of black holes. The term
that vanished in the term iχΘ by taking the special choice of the
observer χ may be interpretable as the change of “temperature”.6
This is indeed true in the case of the derivation of the ﬁrst law in
the black hole thermodynamics [1].
Collecting the above contributions of (11) and (12), and multi-
plying the relation by dt , the Noether charge relation (8) becomes
T δS − δN = 1
8π
χμGμνkν
√
γ dn−2 y dλ
where T δS is deﬁned in (2).
If we view the original derivation by Jacobson [11] in the
Noether charge method, the contribution of the term iχΘ(g,Lχ g)
is neglected. But as we saw, both terms, LχQχ and iχΘ(g,Lχ g),
contain a term proportional to Rμνkμkν . If we set c = 0, the co-
eﬃcient of the curvature term is (−1) in the former and (+2) in
the latter. Then if we did not include the term iχΘ(g,Lχ g), we
would have a negative sign for the energy ﬂow. This is the rea-
son why it was necessary to take the observer χ− in the original
derivation. The inclusion of the term iχΘ is necessary for the cor-
rect sign of the energy ﬂux but also for the correct coeﬃcient of
the entropy production term δN . Instead, if we set c = λθ , the term
iχΘ(g,Lχ g) is reduced to δN and we can get the correct coef-
ﬁcient from LχQχ . Hence we can take the natural observer χ ,
instead of χ− , to generate the Einstein equation.
4. F (R) gravity
The method shown in the previous sections can be extended
to higher derivative theories of gravity, but a subtlety arises in a
choice of the entropy production term δN . In this section we focus
on the F (R) theory of gravity.
6 The “temperature” should be a rescaled temperature which is proportional, not
to the acceleration of the observer itself, but to the acceleration multiplied by a
factor eλθ . Such a rescaling is necessary to compensate the increase of the area at
λ = 0 on P . Since the Noether charge on a cross-section of H gives a combination
of T S and cannot be dissociated at the classical level, there may exist an arbitrari-
ness in interpreting the Noether charge relation as a thermodynamic one.Eq. (8) holds in general, but in the case of F (R) gravity the
Noether charge Q has two terms
Qχ = Xμν∇[μχν] +Wμχμ
= 1
16π
(− f (R)∇[μχν] + 2χ [ν∇μ] f (R))μν
where f (R) = ∂ F (R)/∂R . The Lagrangian is given by F (R)/(16π).
On the bifurcation surface of a black hole, the second term van-
ishes and the Wald entropy is given by only the ﬁrst term. Here
we also regard the ﬁrst term as a contribution to T δS and the sec-
ond as a part of δN . The term diχQ vanishes7 when we take λ˜ → 0
and Eq. (8) becomes
Lχ
(
Xμν∇[μχν]
)− [iχΘ(g,Lχ g) −Lχ (Wμχμ)]
= 1
8π
χμGνμχρρν. (13)
For the observer with the tangent vector χ , the ﬁrst term of (13)
becomes
Lχ
(
Xμν∇[μχν]
) λ˜→0−−−→ κ2
8π
e−2cλ f [θ˜ − k · ∂c]√γ dn−2 y
= κ
2π
χ · ∂
[
e−c f
√
γ
4
]
dn−2 y, (14)
where θ˜ = θ + k · ∂ ln f = θ + f ′/ f .
The combination of two terms in the square bracket in (13)
becomes
iχΘ(g,Lχ g) −Lχ
(
Wμχμ
)
λ˜→0−−−→ κ
2
8π
e−2cλ f
[
θ˜ − k · ∂c + λ
{
k · ∂θ˜ + 1
n − 2 θ˜
2 + σ˜ 2
+ n − 1
n − 2 (k · ∂ ln f )
2 − θ˜
(
k · ∂c + 2
n − 2k · ∂ ln f
)}]
× √γ dn−2 y. (15)
There is an arbitrariness in the choice of c, so we determine it to
make (15) as simple as possible. We also demand that the lowest
order term in (14) vanishes as before. Then c can be chosen as
c λ˜→0−−−→ λθ˜|λ=0 + λ2
(
k · ∂θ˜ − 1
n − 2 θ˜k · ∂ ln f
)
|λ=0
+O(λ3). (16)
Plugging it into (15), we obtain
iχΘ(g,Lχ g) −Lχ
(
Wμχμ
)
λ˜→0−−−→ (κλ)
2
8π
f
(
−n − 3
n − 2 θ˜
2 + σ 2 + n − 1
n − 2 (k · ∂ ln f )
2
)
× √γ dn−2 y +O(λ3). (17)
The third term is nothing but the contribution from the additional
propagating degrees of freedom which is treated as an extra heat
in the previous derivations [12–14].
Based on the above arguments, we can derive the equation
of motion for F (R) gravity from the thermodynamic relation:
Deﬁne the entropy change T δS and the entropy production δN
as (14) and (17) respectively and require the Clausius relation
7 In more general theories, the term does not vanish and contribute to the ther-
modynamic relation as an (n − 3)-dimensional surface effect.
198 K. Shimada et al. / Physics Letters B 718 (2012) 193–199T δS − δN = δQ to hold for an observer approaching asymptoti-
cally to the null hypersurface H. The observer is taken to have a
tangent vector χ with c deﬁned in (16). Then the Clausius relation
gives the equation of motion for F (R) gravity by using the Ray-
chaudhuri equation, the second Bianchi identity and the relation
∇μ∇ν∇μ f = ∂ν f + Rνμ∂μ f .
5. Conclusions and discussions
In this Letter we proposed an alternative derivation of the Ein-
stein equation of state starting from a modiﬁed Clausius relation.
The hypersurface is allowed to have a non-vanishing expansion
and shear. We therefore add an entropy production term in the
Clausius relation: T δS − δN = δQ . In order to be consistent with
the Raychaudhuri equation in ﬂat space–time, we need to choose
a special observer with a tangent vector ﬁeld χ . Once we make
the thermodynamic relation to hold in ﬂat space–time, we could
show that the Clausius relation generates the Einstein equation. It
can be generalized to higher derivative gravities, and as an exam-
ple we studied F (R) gravity.
We also clariﬁed the reason why it was necessary to consider
an observer behind the local causal horizon in the original for-
mulation by Jacobson. In the Noether charge identity, the term
iχΘ cannot be generally neglected, except for a special case like
the stationary black holes which have the Killing vector. Since the
term contains a contribution of the curvature term Rμνkμkν , we
would get a wrong coeﬃcient if we naively impose the Clausius
relation T δS = δQ . In order to cancel the contribution from the
term iχΘ(g,Lχ g), we need to take a special vector χ . This is the
reason why it was necessary to modify the entropy change T δS by
adding an effect of the observer dependent factor e−c .
The derivation of the equation of motion needs a special choice
of an observer and it gives a factor e−c in the deﬁnition of
T δS . The factor is naturally understood from the Noether charge
method, but we do not know a priori which observer we should
choose in constructing a thermodynamic relation in space–time.
The condition that the lowest order term in T δS must vanish de-
termines a partial form of c, but the rest depends on how we
divide thermodynamic quantities into T δS and δN . Another re-
maining issue is the deﬁnition of entropy in general theories of
gravity. In the case of F (R) gravity, we considered the term propor-
tional to ∇χ as the entropy. It is consistent with the Wald formula
of black hole entropies, but it is not obvious if it is generally so.
In a recent paper [24], the importance of taking a special
choice of observers is emphasized. They introduced an approxi-
mate Killing vector ﬁeld ξ so that the term iξΘ(g,Lξ g) vanishes
in the leading orders in λ. They succeeded to derive the Einstein
equation from the Clausius relation T δS = δQ in a theory con-
structed from the metric and Riemann tensor by considering an
observer with the tangent vector ξ . In order to extend the deriva-
tion to more general theories, one may need to extend the notion
of entropy beyond the Wald entropy. An advantage of their ap-
proach is that the choice of an observer is independent of the
gravity theories, but one is required to consider a narrow region
of the null hypersurface in which the approximate Killing equation
is satisﬁed. Furthermore, the observer’s four velocity is not directly
related with the null generator of the hypersurface.
Let us comment on the relation of the approach [24] and ours.
The basic identity underlying the derivation of the Einstein equa-
tion in both approaches is the Noether charge identity (8) or (5).
This identity is very general and holds for any generally covari-
ant theory of gravity. The issue of “deriving the Einstein equation”
is how we can interpret the Noether charge identity as a ther-
modynamic relation. The identity depends on the explicit choice
of the four velocity vector χ of an observer. In this sense, it canhave various different thermodynamic interpretations. The differ-
ence between our approach and the approach in Ref. [24] mainly
comes from this choice of χ and accordingly a choice of an ob-
server. In [24], the authors chose χ so that it satisﬁes an approxi-
mate Killing equation. This may be one possibility of a thermody-
namic interpretation of the Noether charge identity, but the four
velocity of the observer with the approximate Killing vector is not
always parallel to the null generator of the null hypersurface, and
the relation between the local Rindler horizon and the choice of an
observer for whom the thermodynamic interpretation is applied is
not very clear. On the contrary, we chose the observer so that its
four velocity becomes parallel to the generator of the null hyper-
surface. Hence the observer (χ ) is always directly related with the
null hypersurface. But, in compensation for that, we need to con-
sider the effect of local change in the scaling of an observer’s time.
Accordingly, we need to change the local scale of temperature. It is
the reason why we needed to rescale the “entropy” density as in
(11) or (2).
We have seen that a thermodynamic formulation of the Ein-
stein equation is observer dependent. Because of the equivalence
principle, such a property might be inevitable if there exists a
thermodynamical interpretation of space–time. This kind of idea
was emphasized in [27], based on the fact that the concept of the
horizon entropy or temperature in space–time cannot exist in the
ﬂat Minkowski space–time unless a Rindler observer is concerned.
The same will be applied to other thermodynamic quantities like
the entropy production δN . Furthermore, as mentioned in [28], the
Noether charge relation (8) can be interpreted as the law of an en-
ergy conservation where the gravitational energy depends on the
choice of observers. Hence it is not unlikely that the thermody-
namic interpretation of space–time in (8) is different depending
on a choice of observers. We hope to come back to this issue in
future.
Finally we comment on yet another derivation of the Einstein
equation from a different type of the Clausius relation, which is
reminiscent of the heat transfer equation on membrane of a black
hole [29]. In the Einstein theory of gravity, the entropy is assumed
to be proportional to the area of (n − 2)-dimensional section P of
a null hypersurface H; S ≡ (√γ /4)dn−2 y. We take the parameter
τ so that the tangent null vector on the hypersurface H, kμ =
(∂/∂τ )μ , satisﬁes (k ·∇)kμ = κkμ . Then, by using the Raychaudhuri
equation, it is easy to show the relation
κ
2π
(
dS
dτ
− 1
κ
d2S
dτ 2
)
= 1
8π
(
−n − 3
n − 2θ
2 + σ 2 + Rμνkμkν
)√
γ dn−2 y. (18)
The RHS of (18) is interpreted as an entropy production and a heat
into the horizon (under the Einstein equation);
κ
2π
(
dS
dτ
− 1
κ
d2S
dτ 2
)
= δN + δQ . (19)
The second term in the LHS may be considered as a relativistic
correction to the naive diffusion equation. If we require the “Clau-
sius relation” (19) to hold, we can generate the Einstein equation.
This relation again explains why the original derivation of the Ein-
stein equation of state needed an opposite sign of δQ . The second
term in the LHS of (19) is written as d2S/dτ 2 = (θ˙ + θ2)S , and
the θ˙ term gives δQ with a positive sign. On the contrary, if we
did not include the second term and simply expanded dS/dτ in τ
as dS/dτ = θ S = (θ S)|τ=0 + τ (θ˙ S + θ2S)|τ=0 +O(τ 2), we would
get an opposite sign of θ˙ and the sign of δQ must be reversed
in order to generate the Einstein equation. This corresponds to the
K. Shimada et al. / Physics Letters B 718 (2012) 193–199 199original derivation of the Einstein equation. Since the LHS of (19)
is nothing but T δS in (2), we may shed a light on the observer de-
pendence of the entropy change in (2) as the relativistic correction
to the diffusion equation.
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